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The volume of the cone v — DB is 

T7 - R 4- r sin w / jy \i h sin d , , . i2 4-»Yr> \k 

but —5^ = — - ; hence F = — - ;rA sin cc .RV*. 

2 a; 3a; 

Now vs = — and t>& = , hence 

a; a; 

cone zi — AB = F , = -r- nh sin r 8 , cone v — CD = F = — - jt/i sin w R., 
3a; - 3a; 

Vol. ABD = V— V 1 =^::h sin J R§— A\ r%, 

Vol. BDC = V— V =~nh sin <p ( R%— /A R§, 

, Vol. ABD _ V r 3 

CC Vol. BDC~ ^/R}' 

From the volumes of the three cones we see that the elliptical cone is a 
mean proportional between the other two. (This striking analogy between 
the cones v — AB, v — BD, v — CD, and the triangles AvB, DvB, DvC, I 
had never before noticed, though it must have been well known. Neither 
had I ever observed that the semi-conjugute axis of such a conic section is 
a mean proportional between the radii of the bases of the frustrum.) 

It is obvious that the plane A C divides the frustrum in the same ratio 
as the plane BD. 

If the altitude of the frustrum Is jp we have hsin<p-i-x=p-*-(R — r) and 

7, = lT[l/(W)+(S-r)l 

V t = J«pD*-KB-r)l F,-J«rfB«+(B-r)l 



SOL UTION OF PROBLEM 255. 



BY PKOP. W. W. HENDEICKSON, KAVAL ACADEMY, ANNAPOLIS, MD. 

Denoting the distance AB by a, and taking the axes as represented in the 
figure, the equations to the lines AC and BC are (1.) y = a:tan(^> -f- a), 
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(2.) y = tan 2<p{a — x). Eliminating <p, the 
equation to the locus is Sx 2 y — y 3 — 2axy =s 
tan 2a{a? — Zxy 2 — ax 2 + ay 2 )' 

By the conditions of the problem there will 
be an asymptote whenever AC and BC become 
parallel; that is, when a-\-ip = nn — 2<p; from this <p — J(twt — a), a -\- <p 
— J(wT+2a), and the direction ratios of the asymptotes are the tangents of 
the angles fa, 60°+ fa, and 120°+ fa. The asymptotes all pass through 
the point (^a, 0) as will be seen by moving the origin to that point, when 
all the terms of the second degree in the equation to the locus will disap- 
pear. The equation to an asymptote is y = tan J(wr+2a)(a: — Ja). 

In equations (1.) and (2.) let a = 45°, and denote tan <f> by m, then the 
co-ordinates of C are 

_ 2am __ 2am(l-\-m) , (qr\oj_A \_l-6mj-(-m 4 

Xl ~ m *+4m+l' Vl ~ (m 2 +4m+l)(l=ri)'' { + f; ~4m(m 2 -l)' 

whence (after reduction) the equation to CE is 

4m(l— m?)y+(m*— 6m 2 -f l)z = 2am(m 2 +l). (3) 

Differentiating in reference to m, 

(2— 6m 2 )y+(2m 3 — 6m> = a(3m 2 +l). (4) 

-™ /o\ j /a\ — 8am 3 — a(m 6 +9m 4 — 9m 2 — 1) 

From (3) and (4), * = ^^ V = \^ +Vf "' s <l uarm g 

, j,. ,.2 « 2 m 4 +14m 2 -l-l , m 2 4z 2 +4« 2 — a 2 

and adding, x z +y 2 = —. — -\ , whence _—-_—= >—f^ ; 

° 4 m 4 + 2m 2 -j-l (m^-fl) 2 12a 2 

the value of m-j-(m 2 +l) obtained from this and substituted in the value of 

x, gives (ia^+ixy 2 — a 2 ) 3 = 27a 4 a; 2 , 

which is the eq'n to the envelop of (3) and is the two-cusped epicycloid. 

[Prof. Johnson writes, in relation to the solution of this problem, "The 
envelop is really the two-cusped epicycloid. Also, the result cannot be in- 
dependent of a, since for any other value than 45° the line EC recedes to 
infinity when C recedes to infinity on one of the asymptotes of the cubic 
locus, and this indicates parabolic branches of the envelop." Prof. Johnson 
proposes the following : 

Problem. — "Supposing the fig. on p. 91 constructed for a = 45° as in the 
second part of Prob. 255, let the circle whose centre is A and radius AB in- 
tersect EC in M and N. Prove that as tp varies M and N move with uni- 
form but unequal rates on the circumference of the circle. 

"Note. — This theorem reduces the quest, in Prob. 255 to the determina- 
tion of the envelop of a chord whose extremities move uniformly in a circle. 

"This envelop is always an epicycloid."] 



